Among the potential applications of topological insulators, we theoretically study the coexistence of proximity-induced ferromagnetic and superconducting orders in the surface states of a 3-dimensional topological insulator. The superconducting electron-hole excitations can be significantly affected by the magnetic order induced by a ferromagnet. In one hand, the surface state of the topological insulator, protected by the time-reversal symmetry, creates a spin-triplet and, on the other hand, magnetic order causes to renormalize the effective superconducting gap. We find Majorana mode energy along the ferromagnet/superconductor interface to sensitively depend on the magnitude of magnetization m zf s from superconductor region, and its slope around perpendicular incidence is steep with very low dependency on m zf s . The superconducting effective gap is renormalized by a factor η(m zf s ), and Andreev bound state in ferromagnet-superconductor/ferromagnet/ferromagnetsuperconductor (FS/F/FS) Josephson junction is more sensitive to the magnitude of magnetizations of FS and F regions. In particular, we show that the presence of m zf s has a noticeable impact on the gap opening in Andreev bound state, which occurs in finite angle of incidence. This directly results in zero-energy Andreev state being dominant. By introducing the proper form of corresponding Dirac spinors for FS electron-hole states, we find that via the inclusion of m zf s , the Josephson supercurrent is enhanced and exhibits almost abrupt crossover curve, featuring the dominant zero-energy Majorana bound states. 74.45.+c; 85.75.-d; 73.20.-r 
INTRODUCTION
Three-dimensional topological insulator (3DTI), which has been predicted theoretically [1] and discovered experimentally [2, 3, 4, 5, 6 ] is characterized by gapless surface states and represents fully insulating gap in the bulk. Particularly, coincidence of the conduction and valence bands to each other in Dirac point, description of fermionic excitations as massless two-dimensional chiral Dirac fermions in the first Brillouin zone, depending chirality on the spin of electron, having the significant electron-phonon scattering on the surface and owning very low room-temperature electron mobility are the peculiar properties of electronic structure of the 3DTI. Due to spin-orbit interaction, the surface states are protected by the time-reversal symmetry, which are robust against perturbations. The spin of two-dimensional chiral Dirac-like charge carriers is tied to the momentum direction. It is highly desirable to investigate proximity-induced superconducting and ferromagnetic orders on the surface of a 3DTI [7, 8, 9, 10, 11] . The broken spin rotation symmetry of the chiral surface states creates the spin-singlet component in topological insulator from conventional s-wave superconductor [7, 12, 13, 14] . On the other hand, the long-rang proximity effect in a conventional superconductor ferromagnet hybrid [21] features the exotic odd-frequency spin-triplet component, which is odd under the exchange of time coordinates and even in momentum. This new superconducting condensation can be induced to the topologically conserved systems [22] . As a remarkable point, observing Majorana fermions, which have been detected in neutral systems, e.g. Sr 2 RuO 4 and 3He [18, 19, 20] , is of experimentally importance [15, 16] . In this regard, the interplay between a ferromagnet and superconductor on top of a 3DTI actually makes a sense to engineer the chiral Majorana mode [8, 17] . Therefore, magnetic order can directly influence the transport manifestation in the superconducting 3DTI.
The search for transport properties of different hybrid structures including Majorana fermions has led to publish impressive number of guiding theoretical studies for experimental measurements [7, 8, 9, 17, 23, 24, 25] . In these systems, magnetization from a ferromagnet placed on top of the 3DTI can drastically affect the Andreev bound states. For instance, the magnetic order causes no 0 − π oscillations in the critical current, leading to anomalous current-phase relation [8] , in contrast to the metallic topologically trivial similar systems [26] . Also, the direction of magnetization seriously influences the Josephson current, such that in-plane component of magnetization creates an intermediate phase shift, i.e. see Refs. [8, 17] . Recently, Burset et.al. [27] have proposed normal/superconductor hybrid system deposited on top of the 3DTI, where the whole junction is exposed to a uniform magnetic order. However, it can be of particular interest that the magnetization induction to the superconducting and ferromagnetic regions in a N/S junction may be separately applied with a different magnitude for each region.
Regarding several works in the recent few years relating to the topological insulator-based junctions [24, 25, 27, 28, 29, 30, 31, 32, 33, 34, 35] , which are related to the Andreev process and resulting currentphase relation, we proceed, in this paper, to theoretically study the dynamical properties of Dirac-like charge carriers in the surface states of the 3DTI under influence of both superconducting and ferromagnetic orders. We introduce a proper form of corresponding Dirac spinors, which are principally distinct from those in Ref. [27] . The magnetization induction opens a gap at the Dirac point (no inducing any finite center of mass momentum to the Cooper pair), whereas the superconducting correlations creates an energy gap at the Fermi level, which is related to the chemical potential µ. It is particularly interesting to investigate the topological insulator superconducting electron-hole excitation in the presence of a magnetic order. We assume that the Fermi level is close to the Dirac point, and the ferromagnet has a magnetization |M| ≤ µ. In the presence of magnetization, the chirality conservation of charge carriers in the surface states (due to opening the band gap in Dirac point) allows to use a finite magnitude of |M|. In similar systems without topological insulator, the spin-splitting arising from magnetization gives rise to limiting the magnitude of |M| in a FS hybrid structure [36, 37] . This excitation, therefore, is found to play a crucial role in Andreev process leading to the formation of Andreev bound state (ABS) between two superconducting segments separated by a weak-link ferromagnetic insulator. Particularly, we pay attention to the formation of Majorana bound mode as an interesting feature of the topological insulator F/S interface. We present, in section 2, the explicit signature of magnetization in low-energy effective Dirac-Bogogliubov-de Gennes (DBdG) Hamiltonian. The electron(hole) quasiparticle dispersion energy is analytically calculated, which seems to exhibit qualitatively distinct behavior in hole excitations (|k f s | < k F ) by varying the magnitude of magnetization. By considering the magnetization being a finite value less than chemical potential in FS region, the corresponding proper eigenstates are analytically derived. Section 3 is devoted to unveil the above key point of FS correlations and respective discussion in a proposed FS/F/FS Josephson junction. In the last section, the main characteristics of proposed structure are summarized.
THEORETICAL FORMALISM

Topological insulator FS effective Hamiltonian
In order to investigate how both superconductivity and ferromagnetism induction to the surface state affects the electron-hole excitations in a 3DTI hybrid structure, we consider magnetization contribution to the DBdG equation. Let us focus first on the Hubbard model Hamiltonian [38] that is included the effective exchange field M follows from:
where U ρρ ′ ss ′ denotes the effective attractive interaction between arbitrary electrons, labeled by the integer ρ and ρ ′ with spins s and s ′ . The matrices t ρρ ′ are responsible for the hopping between different neighboring sites, andĉ ρs andn ρs indicate the second quantized fermion and number operators, respectively. Here, σ(σ x , σ y , σ z ) is the vector of Pauli matrix. Using the Hartree-Fock-Gorkov approximation and Bogoliubov-Valatin transformation [39] , the Bogoliubov-de Gennes Hamiltonian describing dynamics of Bogoliubov quasiparticles is found. In Nambu basis, that electron(hole) state is given by Ψ = ψ ↑ , ψ ↓ , ψ † ↑ , ψ † ↓ , the BdG Hamiltonian for a s-wave spin singlet superconducting gap in the presence of an exchange splitting can be written as:
where h(k) denotes the non-superconducting Schrodinger-type part, and ∆(k) is superconducting order parameter. In the simplest model, ∆(k) can be chosen to be real to describe time-reversed states. The effective exchange field by rotating our spin reference frame can be gain as |M| = m 2 x + m 2 y + m 2 z . The four corresponding levels of a singlet superconductor in a spin magnetic field is obtained
, where ǫ k is the normal state energy for h(k). However, dependence of superconducting order parameter on the exchange energy can be exactly derived from selfconsistency condition [40] :
where ∆ 0 (k) is the conventional order parameter in absence of ferromagnetic effect, k B and T are the Boltzmann constant and temperature, respectively. The exchange splitting dependence of superconducting gap indicates that equation (3) has no functionality of M at zero temperature. This takes place under an important condition known as Clogston-Chandrasekhar limiting [36, 37] . According to this condition, if the exchange splitting becomes greater than a critical value |M c | = |∆(T = 0)| / √ 2, then the normal state has a lower energy than the superconducting state. This means that a phase transition from the superconducting to normal states is possible when the exchange splitting is increased at zero temperature.
We now proceed to treat such a ferromagnetic superconductivity coexistence at the Dirac point of a 3DTI. It should be stressed that the dressed Dirac fermions with an exchange field in topologically conserved surface state have to be in superconducting state. Here, the influence of exchange field interacts in a fundamentally different way comparing to the conventional topologically trivial system, where the exchange field splits the energy bands of the majority and minority spins. A strong TI is a material that the conducting surface states at an odd number of Dirac points in the Brillouin zone close the insulating bulk gap unless time-reversal symmetry is broken. Candidate Dirac-type materials include the semiconducting alloy Bi 1−x Sb x , as well as HgTe and α − Sn under uniaxial strain [41] . In the simplest case, there is a single Dirac point in the surface Fermi circle and general effective Hamiltonian is modeled as h T I N = v F (σ · k) − µ, where v F indicates the surface Fermi velocity, and µ is the chemical potential. Under the influence of a ferromagnetic proximity effect, the Hamiltonian for the two-dimensional surface states of a 3DTI reads as: h In what follows, we will employ the relativistic generalization of BdG Hamiltonian, which is interacted by the effective exchange field to obtain the dispersion relation of FS dressed Dirac electrons in a topological insulator:
The superconducting order parameter now depends on both spin and momentum symmetry of the Cooper pair, that the gap matrix for spin-singlet can be given as ∆(k) = i∆ 0 σ y e iϕ , where ∆ 0 is the uniform amplitude of the superconducting gap and phase ϕ guarantees the globally broken U (1) symmetry. By diagonalizing this Hamiltonian we arrive at an energy-momentum quartic equation. Without lose of essential physics, we suppose the component of magnetization vector along the transport direction to be zero m x = 0 for simplicity. Also, we set m y = 0, since the analytical calculations become unwieldy otherwise. The dispersion relation resulted from Eq. (4) for electron-hole excitations is found to be of the form:
where, the parameter ζ = ±1 denotes the electron-like and hole-like excitations, while τ = ±1 distinguishes the conduction and valence bands. We might expect several anomalous properties from the above superconducting excitations, which is investigated in detail in the next section. Equation (5) is clearly reduced to the standard eigenvalues for superconductor topological insulator in the absence of exchange field as m z = 0 (see Ref. [8] ),
The mean-field conditions are satisfied as long as ∆ 0 ≪ µ f s . In this condition, the exact form of superconducting wavevector of charge carriers can be acquired from the eigenstates k f s = µ 2 f s − m 2 zf s . The Hamiltonian Eq. (4) can be solved to obtain the electron (hole) eigenstates for FS topological insulator. The wavefunctions including a contribution of both electron-like and hole-like quasiparticles are analytically found as:
where we define
Note that, the solution is allowed as long as the Zeeman field being lower than chemical potential m zf s ≤ µ f s .
FS/F/FS Josephson junction
In what follows, we consider a line ferromagnetic junction of width L between two FS sections in the coordinate ranges x < 0 and x > L in contact with TI surface states. The ferromagnetic region length is assumed to be smaller than the superconducting coherence length. The magnetizations of two superconducting semi-finite regions are taken to be equal and the same direction, see Fig. 1 . Coupling between electron and hole wave functions at the interface leads to scattering matrix, and it is necessary to solve the system of equations at each interface. We look for the energy spectrum for the ABSs, which can be obtain from a nontrivial solution for the boundary conditions Ψ L F S = Ψ F at x = 0 and Ψ F = Ψ R F S at x = L, where the eigenvectors ψ can be found in Appendix A. Solving the system of equations concerning to 8 electron-hole reflected and transmitted amplitudes coefficients results in a 8 × 8-scattering matrix:
The analytical expression of scattering matrix S is introduced in Appendix A. The phase difference ∆ϕ = ϕ R − ϕ L is introduced by assuming that the phase of the left and right superconducting regions is ϕ L and ϕ R , respectively. When determinant of S vanishes, then the nontrivial solution leads to an analytical expression for ABS in term of macroscopic phase difference ∆ϕ
where we have defined
The explicit form of κ i (i = 1, 2, 3, 4) is given in Appendix A. The analytical progress can be made in the limit of thin and strong barrier, which the barrier strength parameter is then defined as Z = k x f L. Otherwise, the results of analytical calculations can be presented as a function of length of junction. In short junction limit, the length of the junction is smaller than the superconducting coherence length
We now analyze the supercurrent flowing through the Josephson junction. To calculate the normalized Josephson current in the short junction case which carried mostly by the ABS, the standard expression is introduced:
where I 0 = (e |k F S | W ∆ 0 ) / (π ) is the normal current in a sheet of TI of width W . Note that the critical current can be measured as I c = I 0 max(I(∆ϕ)). In the framework of such model, the ferromagnetic quasiparticles incidence angle may be real. The conservation of transverse component of the wave vectors allows us to find the propagation angle of electron or hole in the middle region, which is obtained to be of the following form:
It is worth noting the Eq. (10) indicates that the chemical potential in FS region may be lower than its magnitude in F region (µ f > µ f s ).
RESULTS AND DISCUSSION
Energy excitation and Majorana mode
In this section, we proceed to analyze in detail the dynamical features of Dirac-like charge carriers in 3DTI with ferromagnetic and superconducting orders deposited on top of it. We assume that the Fermi level controlled by the chemical potential µ is close to the Dirac point. In this case, it is expected the signature of m zf s < µ f s to be significant. In Fig. 2 , we demonstrate the FS 3DTI electron-hole excitations. A net superconducting gap ∆ 0 is obtained in Dirac points (for |k f s | = k F , where k F is Fermi wavevector) when we set m zf s = 0. Increasing m zf s up to its possible maximum value results in three outcomes: i) the superconducting excitations, which is renormalized by a factor |∆(k)| 1 − (m zf s /µ f s ) 2 , disappear in hole branch (|k f s | < k F ). It means that for the greater magnetizations, if we consent the superconductivity in FS 3DTI still exists, there is almost vanishing quantum state for reflected hole by Andreev process in the valence band, ii) Dirac point is shifted towards smaller FS quasiparticle electron-hole wavevectors, iii) the superconducting gap decreases slowly, where the variation of net gap is very low δ∆ 0 ≪ |∆(k)|. The Andreev process, therefore, is believed to inconsiderably suppress. The signature of these valence band excitations can be clearly shown in AR, and as well in ABS, where the Majorana mode may also be formed at the 3DTI F/FS interface [7, 17] . As a verified result, considering the topological insulator interface between the ferromagnetic insulator and conventional superconductor leads to the appearance of the chiral Majorana mode as an Andreev bound state. In other words, the Majorana mode and Andreev reflection are strongly related to each other. The latter can be realized by the fact of looking for bound energies produced by the perfect AR, which yields the following solution:
The axiliarly parameters M 2(1) , A 1(2) and B 2(1) are given in Apendix B. We have checked numerically that sign of Λ is changed by sgn(m zf ). Thus, the sign of Andreev resonance states may be changed by reversing the direction of m zf , and it corresponds to the chirality of Majorana mode energies. As shown in Fig. 3 , the slope of the curve ofǫ(θ) aroundǫ(θ = 0) = 0 shows no change with the increase of m zf s /µ n for fixed m zf , while it exhibits significantly decreasing behavior with the increase of m zf /µ n for fixed m zf s . The dispersion of Majorana modes along the interface (θ = π/2) decreases with the increase of both magnetizations of FS and F regions. Note that, due to the presence of m zf s it needs to consider the Fermi level mismatch between normal and FS sections, i.e. µ n = µ f s . Then, the above contributions can be considerable in Andreev process and resulting Josephson supercurrent.
Current-phase relation
In order to study the influence of ferromagnetic order in FS region on the supercurrent passing through the FS 3DTI Josephson junction, we proceed to focus on the ABS. As a usual result in similar systems, the 4π periodic gapless bound energy corresponding to chiral Majorana bound is obtained in normal incidence θ f s = 0 for finite magnitude of m zf s < µ s . In sharp contrast to the previous results [8] , which increase of the magnetization magnitude of F region m zf causes to flattening the ABS, the opening of the gap in finite angles of incidence presented in ∆ϕ = ±π is suppressed with the increase of the m zf s . Also, the minimum of gaped ABSs comes through the higher angle of incidence. These are demonstrated in Figs.
4(a) and (b)
However, the chirality of Majorana ABS, which is observed in Figs. 3 and 4 , can be provided by the fact that the FS 3DTI Hamiltonian solutions may be protected by time-reversal symmetry. It is now easy to see that the wavefunctions Eq. (6) ψ e F S and ψ h F S are connected by the time-reversal operation as ψ h F S (θ f s = 0) = τ 0 iσ y ψ e * F S (θ f s = 0), where τ 0 denotes a unit matrix in Nambu space. Moreover, ψ e F S (θ f s = 0) and ψ h F S (θ f s = 0) are the eigenstates of the helicity matrix τ z σ x satisfying the eigenvalue equation
F S (θ f s = 0), and orthogonal to each other. They, therefore, immune to spin-independent potential scattering and, hence, the ferromagnetic exchange field m zf s can play an important role in transport properties.
In what follows, we consider the angle-averaged supercurrent originated from Andreev bound states in which the zero-temperature limit is assumed in the following plots. The 2π periodic current-phase curve is found for different values of m zf s , as shown in Fig. 4(c) , with a shape far from sinusoidal. One can say that almost abrupt crossover curve is seen from Josephson current originating from the zero energy states (ZES), whereas the supercurrent peak does not appear in maximum phase difference ∆ϕ = π. The latter originates from the presence of ferromagnetic-proximity in topological insulator. Consequently, in the presence of high magnetization of FS region (e.g. m zf s = 0.8µ s ) and low magnetization of F region (m zf < 0.2µ n ), the Majorana bound energy may dominate the formation of angle-averaged Josephson current. This is in agreement with the Majorana bound energy, shown in Fig.  4(b) . Finally, to see the effect of m zf s on the critical current, we plot the width L/ξ of F region dependence of critical current, where ξ is the superconducting coherence length. Increasing the m zf s causes to increase the maximum of supercurrent. The critical current exhibits oscillatory function in terms of length of junction, where the oscillation-amplitude is considerable and decreases with the decrease of m zf s .
CONCLUSION
In summary, we have investigated the influence of ferromagnetic and superconducting orders proximity at the same time on the surface state of a topological insulator. The superconducting topological insulator electron-hole excitations in the presence of magnetization led to achieve qualitatively distinct transport properties in the FS/F/FS Josephson junction. It has been shown that for magnetic order m zf s ≈ µ s , the spin-triplet component becomes dominant. One of key findings of the present work is the appearance of novel Majorana bound mode at the F/FS interface, which can be controlled by the tuning of magnetization magnitude of FS region. The 4π periodic gapless Andreev bound states, corresponding to the Majorana bound energy, were created for finite magnitude of m zf s ≤ µ s . The current-phase relation curve has been found to be far from sinusoidal, and its critical value shows increasing with the increase of the magnetization of FS region. Note that, these results have been obtained in the case, when m zf s , m zf ≤ µ and µ ≫ ∆ 0 , which is relevant to the experimental regime.
APPENDIX A: Josephson scattering matrix
By introducing the scattering coefficients in F region we write down the total wave function inside the F region: where right and left moving electron and hole spinors can be written as:
Also, in this appendix, we characterize the 8×8 matrix S in the form of four 4×4 matrices which is used to calculate the Andreev energy bound states and corresponding Josephson supercurrent in the FS/F/FS junction:
where
The definition of κ i quantities in Andreev bound state energy are given by:
APPENDIX B: Majorana mode energy
The parameters related to the Majorana mode energy of Eq. (11) read as following: Figure 2 (color online) The ferromagnetic superconducting excitation spectra on the surface state of 3DTI for several values of m zs , calculated from Eq. (5). We set the net value of superconducting gap |∆ S | = 0.5 eV (this value of pair potential is taken only to more clarify the behavior of spectra in Dirac point, although it does not further need to use it in our calculations, since µ f s /|∆ S | ≫ 1 is supposed. 
